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Abstract
Koh and Tay [4] introduced a new family of graphs, G vertex-multiplications, as
an extension of complete n-partite graphs. They proved a fundamental classification
of G vertex-multiplications into three classes C0,C1 and C2. It was shown in [5]
that any vertex-multiplication of a tree with diameter at least 3 does not belong
to the class C2. Furthermore, for vertex-multiplications of trees with diameter 5,
some necessary and sufficient conditions for C0 were established. In this paper, we
give a complete characterisation of vertex-multiplications of trees with diameter 5
in C0 and C1.
1. Introduction
Let G be a graph with vertex set V (G) and edge set E(G). In this paper, we consider
graphs G with no loops nor parallel edges, unless otherwise stated. For any vertices v, x ∈
V (G), the distance from v to x, dG(v, x), is defined as the length of a shortest path from v
to x. For v ∈ V (G), its eccentricity eG(v) is defined as eG(v) := max{dG(v, x)| x ∈ V (G)}.
The diameter of G, denoted by d(G), is defined as d(G) := max{eG(v)| v ∈ V (G)} while
the radius of G, denoted by r(G), is defined as r(G) := min{eG(v)| v ∈ V (G)}. The
above notions are defined similarly for a digraph D. A vertex x is said to be reachable
from another vertex v if dD(v, x) < ∞. For a digraph D, the outset and inset of a
vertex v ∈ V (D) are defined to be OD(v) := {x ∈ V (D)| v → x} and ID(v) := {y ∈
V (D)| y → v} respectively. If there is no ambiguity, we shall omit the subscript for the
above notations.
An orientation D of a graph G is a digraph obtained from G by assigning a direction
to every edge e ∈ E(G). An orientation D of G is said to be strong if every two vertices
in V (D) are mutually reachable. An edge e ∈ E(G) is a bridge if G− e is disconnected.
Robbins’ well-known One-way Street Theorem [9] states the following.
Theorem 1.1 (Robbins [9])
Let G be a connected graph. Then, G has a strong orientation if and only if G is bridgeless.
Given a connected and bridgeless graph G, let D(G) be the family of strong orientations
of G. The orientation number of G is defined as
d¯(G) := min{d(D)| D ∈ D(G)}.
The general problem of finding the orientation number of a connected and bridgeless
graph is very difficult. Moreover, Chva´tal and Thomassen [2] proved that it is NP-hard
to determine if a graph admits an orientation of diameter 2. Hence, it is natural to focus
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on special classes of graphs. The orientation number was evaluated for various classes of
graphs, such as the complete graphs [1, 6, 8] and complete bipartite graphs [3, 10].
In 2000, Koh and Tay [4] introduced a new family of graphs, G vertex-multiplications,
and extended the results on complete n-partite graphs. Let G be a given connected
graph with vertex set V (G) = {v1, v2, . . . , vn}. For any sequence of n positive integers
(si), a G vertex-multiplication, denoted by G(s1, s2, . . . , sn), is the graph with vertex set
V ∗ =
⋃n
i=1 Vi and edge set E
∗, where Vi’s are pairwise disjoint sets with |Vi| = si, for
i = 1, 2, . . . , n, and for any u, v ∈ V ∗, uv ∈ E∗ if and only if u ∈ Vi and v ∈ Vj for some
i, j ∈ {1, 2, . . . , n} with i 6= j such that vivj ∈ E(G). For instance, if G ∼= Kn, then
the graph G(s1, s2, . . . , sn) is a complete n-partite graph with partite sizes s1, s2, . . . , sn.
Also, we say G is a parent graph of G(s1, s2, . . . , sn).
For i = 1, 2, . . . , n, we denote the x-th vertex in Vi by (x, vi), i.e. Vi = {(x, vi)| x =
1, 2, . . . , si}. Hence, two vertices (x, vi) and (y, vj) in V
∗ are adjacent in G(s1, s2, . . . , sn) if
and only if i 6= j and vivj ∈ E(G). For convenience, we write G
(s) in place of G(s, s, . . . , s)
for any positive integer s, and it is understood that the number of s’s is equal to the order
of G, n. Thus, G(1) is simply the graph G itself.
The following theorem by Koh and Tay [4] provides a fundamental classification on
G vertex-multiplications.
Theorem 1.2 (Koh and Tay [4])
Let G be a connected graph of order n ≥ 3. If si ≥ 2 for i = 1, 2, . . . , n, then d(G) ≤
d¯(G(s1, s2, . . . , sn)) ≤ d(G) + 2.
In view of Theorem 1.2, all graphs of the form G(s1, s2, . . . , sn), with si ≥ 2 for all
i = 1, 2, . . . , n, can be classified into three classes Cj , where
Cj = {G(s1, s2, . . . , sn)| d¯(G(s1, s2, . . . , sn)) = d(G) + j},
for j = 0, 1, 2. Henceforth, we assume si ≥ 2 for i = 1, 2, . . . , n, unless otherwise stated.
The following lemma was found useful in proving Theorem 1.2.
Lemma 1.3 (Koh and Tay [4])
Let µi, λi be integers such that µi ≤ λi for i = 1, 2, . . . , n. If the graph G(µ1, µ2, . . . , µn)
admits an orientation F in which every vertex v lies on a cycle of length not exceeding
m, then d¯(G(λ1, λ2, . . . , λn)) ≤ max{m, d(F )}.
Koh and Tay [5] further investigated vertex-multiplications of trees. Since trees with
diameter at most 2 are parent graphs of complete bipartite graphs, which are completely
solved, they considered trees of diameter at least 3. On the other hand, Ng and Koh
[7] examined vertex-multiplications of cycles. To continue the discussion, we need some
notations.
From here onwards, we consider a tree T of diameter 5 with vertex set V (T ) =
{v1, v2, . . . , vn}. We let v1 and v2 be the two central vertices of T , i.e. eT (vk) = rad(T ) = 3
for k = 1, 2. For k = 1, 2, denote the neighbours of vk, excluding v3−k, by [i]k. i.e.
NT (vk) − {v3−k} = {[i]k| i = 1, 2 . . . , degT (vk) − 1}. For each i = 1, 2, . . . , degT (vk) − 1,
we denote the neighbours of [i]k, excluding vk itself, by [α, i]k. i.e. NT ([i]k) − {vk} =
{[α, i]k| α = 1, 2, . . . , degT ([i]k)− 1}. Also, we denote the set of Non-Leaf neighbours of
vk to be NLk := {[i]k ∈ V (T )| 1 ≤ i ≤ degT (vk) − 1 and [i]k is not an end-vertex} for
k = 1, 2. Of course, |NLk| ≥ 1, where k = 1, 2, for any tree T with d(T ) = 5.
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Example 1.4 Let T be the tree of diameter 5 shown in Figure 1. We label the vertices
as described above. Note also NL1 = {[1]1, [2]1} and NL2 = {[2]2}.
[1, 1]1
[2, 1]1
[1, 2]1
[1]1
[2]1
v1 v2
[1]2
[2]2
[1, 2]2
[2, 2]2
[3, 2]2
Figure 1: Labelling vertices in T
In the following theorem, Koh and Tay [5] proved some necessary and sufficient con-
ditions for T (s1, s2, . . . , sn) ∈ C0, where T is a tree of diameter 5.
Theorem 1.5 (Koh and Tay [5])
Let T be a tree with diameter 5 and its central vertices be v1 and v2. Suppose A = {x ∈
V (T )| dT (x, u) = 5 = dT (x, v) for some u, v ∈ V (T ), u 6= v}. Then,
(a) T (s1, s2, . . . , sn) ∈ C0 ∪ C1.
(b) If |A| ≤ 1, then T (s1, s2, . . . , sn) ∈ C0.
(c) If degT (v) ≤ 2 for all v 6∈ {v1, v2} and |A| ≥ 2, then T
(2) ∈ C1.
In this paper, we give a complete characterisation of vertex-multiplications of trees
with diameter 5 in C0 and C1 (see Theorem 2.6).
2. Main results
For convenience, we shall introduce some notations. Let D be an orientation of
T (s1, s2, . . . , sn) with si ≥ 2 for 1 ≤ i ≤ n. If vp and vq, 1 ≤ p, q ≤ n and p 6= q,
are adjacent vertices in T , then for each i, 1 ≤ i ≤ sp, we denote by O
vq
D ((i, vp)) :=
{(j, vq)| (i, vp) → (j, vq), 1 ≤ j ≤ sq} and I
vq
D ((i, vp)) := {(j, vq)| (j, vq) → (i, vp), 1 ≤ j ≤
sq}. If there is no ambiguity, we shall omit the subscript D for the above notations.
In the vertex-multiplication graph G := T (s1, s2, . . . , sn) of T , the integer si cor-
responds to the vertex vi, i = 1, 2, . . . , n. We will loosely use the two denotations
of a vertex, for example, if vi = [j]k, then si = s[j]k . For any v ∈ V (G), we set
(Ns, v) := {(1, v), (2, v) . . . , (s, v)}.
Proposition 2.1 Let T be a tree of diameter 5. If s1 ≥ 3 or s2 ≥ 3, then G :=
T (s1, s2 . . . , sn) ∈ C0.
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Proof : WLOG, assume s1 ≥ 3. Let H be a subgraph of G, where s1 = 3 and si = 2 for
all i 6= 1 in H . Define an orientation D of H as follows (see Figure 2).
(2, [i]1)→ {(1, [α, i]1), (2, [α, i]1)} → (1, [i]1),
(2, v1)→ (1, [i]1)→ {(1, v1), (3, v1)}, and
{(1, v1), (2, v1)} → (2, [i]1)→ (3, v1),
for all i = 1, 2, . . . , degT (v1)− 1 and all α = 1, 2, . . . , degT ([i]1)− 1.
(2, [j]2)→ {(1, [β, j]2), (2, [β, j]2)} → (1, [j]2), and
(2, [j]2)→ (1, v2)→ (1, [j]2)→ (2, v2)→ (2, [j]2),
for all j = 1, 2, . . . , degT (v2)− 1 and all β = 1, 2, . . . , degT ([j]2)− 1. Also,
{(1, v1), (3, v1)} → (1, v2)→ (2, v1), and
(3, v1)→ (2, v2)→ {(1, v1), (2, v1)}.
We emphasize that the above orientation applies to the vertices [i]1 and [j]2 even if they
are end-vertices. It suffices to verify d(D) = 5 and every vertex in V (D) lies in a directed
C4, where D is as shown in Figure 2. Then, by Lemma 1.3, d¯(G) ≤ max{d(D), 4} = 5.

(1, [1, 1]1)
(2, [1, 1]1)
(1, [1]1)
(2, [1]1)
(1, [1, 2]1)
(2, [1, 2]1)
(1, [2]1)
(2, [2]1)
(1, v1)
(2, v1)
(3, v1)
(1, v2)
(2, v2)
(1, [1]2)
(2, [1]2)
(1, [1, 1]2)
(2, [1, 1]2)
(1, [2]2)
(2, [2]2)
(1, [1, 2]2)
(2, [1, 2]2)
(1, [3]1)
(2, [3]1)
(1, [4]1)
(2, [4]1)
(1, [3]2)
(2, [3]2)
(1, [4]2)
(2, [4]2)
Figure 2: Orientation D for H .
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The next two lemmas will be found useful in proving our propositions to come.
Lemma 2.2 Let D be an orientation of T (s1, s2, . . . , sn) with s1 = s2 = 2. If d(D) = 5,
then
(i) |Ov1((p, [i]1))| ≥ 1 and |I
v1((p, [i]1))| ≥ 1 for all i = 1, 2, . . . , degT (v1) − 1 and p =
1, 2, . . . , s[i]1, and
(ii) |Ov2((q, [j]2))| ≥ 1 and |I
v2((q, [j]2))| ≥ 1 for all j = 1, 2, . . . , degT (v2) − 1 and
q = 1, 2, . . . , s[j]2.
Proof : (i) follows from the fact that dD((p, [i]1), (1, [1, j]2)) = dD((1, [1, j]2), (p, [1]1)) = 4,
where [j]2 is not an end-vertex in T . By symmetry, (ii) follows from (i).

Lemma 2.3 (Duality)
Let D be an orientation of a graph G. Let D˜ be the orientation of G such that uv ∈ E(D˜)
if and only if vu ∈ E(D). Then, d(D˜) = d(D).
Proof : Suppose not. Then, there exist some vertices u, v ∈ V (D˜) such that dD˜(u, v) >
d(D). By definition of D˜, dD(v, u) = dD˜(u, v). It follows that dD(v, u) > d(D), a
contradiction.

Proposition 2.4 Let T be a tree of diameter 5 and mk = min{s[i]k| [i]k ∈ NLk} for
k = 1, 2. Suppose G := T (s1, s2, . . . , sn) satisfy 2 ≤ m1 ≤ 3 or 2 ≤ m2 ≤ 3, and
s1 = s2 = 2. Then,
G ∈ C0 ⇐⇒ |NLk| = 1 for some k = 1, 2.
Proof : (⇒) Suppose |NLk| ≥ 2 for all k = 1, 2. WLOG, assume 2 ≤ m1 ≤ 3, and
mk = s[1]k where [1]k ∈ NLk for k = 1, 2.
Case 1. |Iv2((p, v1))| = 2 for some p = 1, 2.
WLOG, assume {(1, v2), (2, v2)} → (2, v1). Since for all i = 1, 2, . . . , degT (v1) − 1,
and q = 1, 2, . . . , s[i]1, dD((q, [i]1), (1, [1, 1]2)) ≤ 5 and by Lemma 2.2, we have (2, v1) →
(q, [i]1) → (1, v1). Then, dD((1, [1, 1]1), (1, [1, i]1)) > 5 for any [i]1 ∈ NL1, i 6= 1, a con-
tradiction.
Case 2. |Ov2((p, v1))| = 2 for some p = 1, 2.
By Duality Lemma and Case 1, this case follows.
Case 3. |Iv1((p, v2))| = |I
v2((p, v1))| = 1 for all p = 1, 2.
WLOG, assume (1, v1)→ (1, v2)→ (2, v1)→ (2, v2)→ (1, v1).
Subcase 3.1. |O((1, [1, 1]1))| = 1.
Assume WLOG that O((1, [1, 1]1)) = {(1, [1]1)}. By Lemma 2.2, |O
v1((1, [1]1))| = 1.
By symmetry, we may assume Ov1((1, [1]1)) = {(1, v1)}. Since for all i = 1, 2, . . . , degT (v2)−
1, and q = 1, 2, . . . , s[i]2, dD((1, [1, 1]1), (q, [i]2)) ≤ 5 and by Lemma 2.2, we have (1, v2)→
(q, [i]2) → (2, v2). However, dD((1, [1, 1]2), (1, [1, j]2)) > 5 for any [j]2 ∈ NL2, j 6= 1, a
contradiction.
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Subcase 3.2. |I((1, [1, 1]1))| = 1.
By Duality Lemma and Subcase 3.1, this subcase also results in a contradiction.
(⇐) Assume WLOG that |NL1| = 1. Let H be a subgraph of G, where si = 2 for all
i in H . Define an orientation D of H as follows (see Figure 3).
(1, [α, 1]1)→ (1, [1]1)→ (2, [α, 1]1)→ (2, [1]1)→ (1, [α, 1]1), and
{(1, [i]1), (2, [i]1)} → (1, v1)→ {(1, v2), (2, v2)} → (2, v1)→ {(1, [i]1), (2, [i]1)},
for all i = 1, 2, . . . , degT (v1)− 1 and α = 1, 2, . . . , degT ([1]1)− 1.
(2, [j]2)→ {(1, [β, j]2), (2, [β, j]2)} → (1, [j]2), and
(1, [j]2)→ (1, v2)→ (2, [j]2)→ (2, v2)→ (1, [j]2),
for all j = 1, 2, . . . , degT (v2)− 1 and β = 1, 2, . . . , degT ([j]2)− 1.
We emphasize that the above orientation applies to the vertices [i]1 and [j]2 even if they
are end-vertices. It suffices to verify d(D) = 5 and every vertex in V (D) lies in a directed
C4, where D is as shown in Figure 3. Then, by Lemma 1.3, d¯(G) ≤ max{d(D), 4} = 5.

(1, [1, 1]1)
(2, [1, 1]1)
(1, [1]1)
(2, [1]1)
(1, v1)
(2, v1)
(1, v2)
(2, v2)
(1, [1]2)
(2, [1]2)
(1, [1, 1]2)
(2, [1, 1]2)
(1, [2]2)
(2, [2]2)
(1, [1, 2]2)
(2, [1, 2]2)
(1, [2]1)
(2, [2]1)
(1, [3]1)
(2, [3]1)
(1, [3]2)
(2, [3]2)
(1, [4]2)
(2, [4]2)
Figure 3: Orientation D for H .
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Proposition 2.5 Let T be a tree of diameter 5 and mk = min{s[i]k| [i]k ∈ NLk} for
k = 1, 2. If m1 ≥ 4 and m2 ≥ 4, then G := T (s1, s2 . . . , sn) ∈ C0.
Proof : Let H be a subgraph of G, where s[i]k = 4 for all [i]k ∈ NLk, k = 1, 2, and sj = 2
otherwise. Define an orientation D of H as follows (see Figure 4). For k = 1, 2,
{(3, [i]k), (4, [i]k)} → {(1, [α, i]k), (2, [α, i]k)} → {(1, [i]k), (2, [i]k)},
(2, vk)→ {(1, [i]k), (3, [i]k)} → (1, vk)→ {(2, [i]k), (4, [i]k)} → (2, vk), and
(1, v1)→ (1, v2)→ (2, v1)→ (2, v2)→ (1, v1),
for all i = 1, 2, . . . , degT (vk)− 1 and α = 1, 2, . . . , degT ([i]k)− 1.
We emphasize that the above orientation applies to the vertices [i]1 and [j]2 even if
they are end-vertices. Note that for any p, q, r, k = 1, 2, 1 ≤ i, j ≤ degT (vk), i 6= j, α =
1, 2, . . . , degT ([i]k)−1, and β = 1, 2, . . . , degT ([j]k)−1, we have dD((p, [α, i]k), (q, vk)) = 2
and dD((q, vk), (r, [β, j]k)) = 2 so that dD((p, [α, i]k), (r, [β, j]k)) ≤ dD((p, [α, i]k), (q, vk))+
dD((q, vk), (r, [β, j]k)) = 4. Furthermore, in view of the orientation’s similarity, it suffices
to verify d(D) = 5 and every vertex in V (D) lies in a directed C4, where D is as shown
in Figure 4. Hence, by Lemma 1.3, d¯(G) ≤ max{d(D), 4} = 5.

(1, [1, 1]1)
(2, [1, 1]1)
(1, [1]1)
(2, [1]1)
(3, [1]1)
(4, [1]1)
(1, v1)
(2, v1)
(1, v2)
(2, v2)
(1, [1]2)
(2, [1]2)
(3, [1]2)
(4, [1]2)
(1, [1, 1]2)
(2, [1, 1]2)
Figure 4: Orientation D for H .
The findings in this section provide a complete characterisation of vertex-multiplications
of trees of diameter 5 in C0 and C1. We summarise them in Theorem 2.6.
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Theorem 2.6 Let G := T (s1, s2 . . . , sn) with d(T ) = 5, and mk = min{s[i]k| i ∈ NLk}
for k = 1, 2.
Underlying
conditions
G ∈ C 0 or C 1? Reference
si ≥ 3 for some i = 1, 2 G ∈ C0. Proposition 2.1
m1 ≥ 4 and m2 ≥ 4 G ∈ C0. Proposition 2.5
s1 = s2 = 2, and
2 ≤ mi ≤ 3 for some
i = 1, 2
G ∈ C0 ⇐⇒ |NLk| = 1 for
some k = 1, 2.
Proposition 2.4
Table 1: Summary for T (s1, s2, . . . , sn) with d(T ) = 5.
Koh and Tay [5] also showed that vertex-multiplications of trees with diameter at
least 6 belong to C0. Hence, it remains open to characterise vertex-multiplications of
trees, with diameter 3 and 4, belonging to C0. We conclude the paper by proposing the
following problem.
Problem 2.7 For trees T with d(T ) = 3 (and d(T ) = 4 resp.), characterise the tree
vertex-multiplications T (s1, s2, . . . , sn) that belong to C0.
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